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Abstract: In this paper, we investigate Smarandache curves according to type-2 Bishop 
frame in Euclidean 3- space and we give some differential geometric properties of Smaran- 
dache curves. Also, some characterizations of Smarandache breadth curves in Euclidean 3- 


space are presented. Besides, we illustrate examples of our results. 
Key Words: Smarandache curves, Bishop frame, curves of constant breadth. 


AMS(2010): 53A05, 53B25, 53B30. 


§1. Introduction 


A regular curve in Euclidean 3-space, whose position vector is composed by Frenet frame 
vectors on another regular curve, is called a Smarandache curve. M. Turgut and S. Yilmaz 
have defined a special case of such curves and call it Smarandache TB» curves in the space 
Et [10]. Moreover, special Smarandache curves have been investigated by some differential 
geometric [6]. A. T.Ali has introduced some special Smarandache curves in the Euclidean space 
[2]. Special Smarandache curves according to Sabban frame have been studied by [5]. Besides, It 
has been determined some special Smarandache curves E? by [12]. Curves of constant breadth 
were introduced by L.Euler [3]. 

We investigate position vector of curves and some characterizations case of constant breadth 
according to type-2 Bishop frame in F’. 


§2. Preliminaries 
The Euclidean 3-space E? proved with the standard flat metric given by 
<, >= dz? + dz + dz2 
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where (x1, £2, £3) is rectangular coordinate system of E?. Recall that, the norm of an arbitrary 
vector a € E? given by ||a|| = J/« a;a >. q is called a unit speed curve if velocity vector v of 
c satisfied ||u|| = 1 


The Bishop frame or parallel transport frame is alternative approach to defining a moving 
frame that is well defined even when the curve has vanishing second derivative. One can 
express parallel transport of orthonormal frame along a curve simply by parallel transporting 
each component of the frame [8]. The type-2 Bishop frame is expressed as 


& 0 0 mé & 
& |=] 0 0 —e2 | = |a (2.1) 
B' €1 €2 0 B 


In order to investigate type-2 Bishop frame relation with Serret-Frenet frame, first we 
B' = -TN = £161 + €2€2 (2.2) 
Taking the norm of both sides, we have 


k(s) = mE T(s) = J/e2 +63 (2:3) 


Moreover, we may express 





€1(s) = —rcos0(s), ^ &2(s) = —rsin6(s) (2.4) 
By this way, we conclude 0(s) — Aretan =. The frame {£1, £2, B] is properly oriented, 
and 7 and 0(s) = f &(s)ds are polar coordinates for the curve a(s). 
0 
We write the tangent vector according to frame {&, £2, B) as 
T = sin 0(s)&, — cos0(s)£» 
and differentiate with respect to s 


T'—kN = _ 6'(s)(cos0(s)é, + sin0(s)£2) (2.5) 
+ sin 0(s)£, — cos 0(s)& l 
Substituting £1 = —€1B and & = —€2B in equation (2.5) we have 
KN = 6'(s)(cos 0(s)& + sin0(s)£2) 


In the above equation let us take 0'(s) = k(s). So we immediately arrive at 


N = cos0(s)£; + sin 0(s)£3 
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Considering the obtained equations, the relation matrix between Serret-Frenet and the type-2 
Bishop frame can be expressed 


T sin(s) —cos0(s) 0 & 
N | = | cos0(s  sin6(s 0 ]|.!| £o (2.6) 
B 0 0 1 B 


$3. Smarandache Curves According to Type-2 Bishop Frame in E? 


Let a = a(s) be a unit speed regular curve in E? and denote by (£?, £2, B^) the moving Bishop 
frame along the curve o. The following Bishop formulae is given by 


E =-fB*, g--dgB B° = eget + eges 
3.1 £i1£?2-Smarandache Curves 


Definition 3.1 Let a = a(s) be a unit speed regular curve in E? and (£2, £2, B^) be its moving 


Bishop frame. &1£5-Smarandache curves can be defined by 


o 1 


(ET +62) (3.1) 


Now, we can investigate Bishop invariants of £1£9-S8marandache curves according to a = 


a(s). Differentiating (3.1.1) with respect to s, we get 








f dB ds* —1 
aA R a aA a) Bo 
B a ag Jj Tg) 
(3.2) 
ds* —1 
Ta: ds = TA 
where ds à 
$ a a 
x Wi t2) (3.3) 
The tangent vector of curve B can be written as follow; 
Tg = —B* = —(etét + e262) (3.4) 
Differentiating (3.4) with respect to s, we obtain 
dTg ds* acd P 
2 —— Sere + e263 (3.5) 





ds* ds 
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Substituting (3.3) in (3.5), we get 
V2 
T! = Q co aca 
ee beg teg (ETET + e262) 


Then, the curvature and principal normal vector field of curve 8 are respectively, 


v2 


a Q 
ET tE? 


I a 2 a 2 
Jm] = se = (e$ + (e$) 


1 
Ng = F——— (e + 862) 
(ef)? + (e$) 


On the other hand, we express 
1 


Bg-———det| 0 0 -4 
A2 ad 
(et) + (eg) 


So, the binormal vector of curve Ó is 
1 aca Q co 
Bg = a (exer — ETES) 
(et) + (e$) 


We differentiate (3.2), with respect to s in order to calculate the torsion of curve 8 


B= HE)? + egege 
+ [eves + (e2)^]62 + [ef + e3]}B°] 


and similarly 
=- —l1 


B Jg OE + Ag eB?) 


where 
! : 3 2 
ó1—  3eQet-Feteg 4-2ee$- (eq) - (eq) eg 


f j ; 2 3 
ó9—  2eTeg-eteg -3e9e$-et (eg) - (eg) 
ó3— ef tes 
The torsion of curve Ó is 


m= iym Aerei eere + 2)^]à — [let + 8) eT)" + ef) 62} 


3.2 €,B-Smarandache Curves 


Definition 3.2 Let a = a(s) be a unit speed regular curve in E? and (£2, £2, B^) be its moving 
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Bishop frame. &y B-Smarandache curves can be defined by 


B(s*) = E TES (3.6) 


d 


Now, we can investigate Bishop invariants of £;B-Smarandache curves according to a = 
a(s). Differentiating (3.6) with respect to s, we get 














ECC OMEN P MEE 
B= a wore ETET + ESES) 
(3.7) 
ds* —1 
Ty y = a ETB rete eed) 
where 
ds — 2 ` 
The tangent vector of curve B can be written as follow; 
1 aca a Q 
To = M ($f ede — ef B°) (3.9) 
2(e2)" + (e) 
Differentiating (3.9) with respect to s, we obtain 
dT ds* 1 4 " " 
de de g (£f +1263 rus B?) (3.10) 
S S av a\2] 2 
[2 (2)? + (e8) 


where 
i= efe$eSte? (e)? 
— 2 (E2)? oO De % eo 9 (ga? c29 Q3 a a a\3 
a= (eq) e2-2e1e1e2 +2 (et) e2-2 (et) e2-et (e2) 
us eegeg — 2 (e) + (et)? (eg)? — ef (eg? 


Substituting (3.8) in (3.10), we have 


] V2 a a a 
T = oa (Mf + Hf ua BY) 


2 2 
[2 (ea)? + ep] 
Then, the first curvature and principal normal vector field of curve 8 are respectively 


ls =Ke= Beer V + u3 + 43 


1 
Ng = ——— 35 ET + u23 + pa B?) 


vV pi + Ba + HS 
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On the other hand, we get 
1 Q Q Q 
Bgm MM (uetus) 


Q 2 Q 2 
v ijt u$--u$y 2 (e) + (e9) 
— (MEP -ua&?) £2 + (uoet-p162) B°] 


We differentiate (3.7) with respect to s in order to calculate the torsion of curve 3 


B= gp Go" wee 


CE OE ig Q a\2 a a ce 
H [eTe + ET — (e93) Ey Ser Bey 





and similarly 
= -—l 
B = —( + Pees USB?) 


/2 
where er 
Pic. effet - pet -2 (eq? 


; UNDA 2 1 3 
To=  -2efe$-eqe$ teS-2eSeS tet (e)^ -egeg 4- (eF) 
T= -ET 
The torsion of curve f is 


[2 (et)" + (e)? 


CX E a Q 2 
5 z z re ee es es) ha 
AV2 (uj tug +H3) 


-2((ef)” — ef )Tat+(-efeg-ef + (e2) )Ta]et 


-[(e# — 2 (e£)?)Ts + e?T1]eg) 


3.3 £9 B-Smarandache Curves 


Definition 3.3 Let a = a(s) be a unit speed regular curve in E? and (£2, £2, B^) be its moving 


Bishop frame. &9 B-Smarandache curves can be defined by 


Als") = (+B) 


(3.11) 


Now, we can investigate Bishop invariants of £9 B-Smarandache curves according to a = 


a(s). Differentiating (3.11) with respect to s, we get 











p=: d = (-e2 B^ + ef Et  e2€65) 
Tg > = (ETSI + e363 — eg BY) 


(3.12) 
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where 
ds* a2 2 (eo 2 
ds = (ef) 5 (c2) (3.13) 
The tangent vector of curve B can be written as follow; 
p, ETER tegeg - GB bu 
2 (e$) + (2) 
Differentiating (3.14) with respect to s, we obtain 
dTg ds* 1 T Š a 
Tu s g (mét me ens B) (3.15) 


[en 2 8| 
where 
m= 2(ef (eg) -ete9) 
"a— (eg) ef + (et) ei-etete? 
m= (ef j egt 2 (e3 y- (et) -2 (e7) -3 (ef js (e3 y 
Substituting (3.13) in (3.15), we have 


I V2 Q Q Q 
Tg m — (miT  n£2 + n B?) 


lates)? + ep] 


Then, the first curvature and principal normal vector field of curve @ are respectively 


A EEE 
[er +29] 


[5| -ns- 


1 
Ng =a (MET + 0 F' + nB) 


vni +5 +73 


On the other hand, we express 


1 
Bg (eG *nse$ ET 


2 2 
yni tnai tny (ef) +2 (e) 


— (MEZ -ns&1) £2 + (moet-me) B^] 
We differentiate (3.12); with respect to s in order to calculate the torsion of curve 3 
4 aca " a 2 a 
B= aet Sie — (e ole 


+ [e — 2 (e2)?]eg — e2 B9) 
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and similarly 


= 1 
b= yg ne + més + ga B?) 


where 
Q 


m= -eQeg — Betet-ret-- (ef) eg + (eq)? 
n2 = de® EJ + ca + 262 


= “a 
T3— -E3 


The torsion of curve Ó is 


a\2 a\2]4 i s 
Tg— E isi (im + (e$ — 2 (e$)^)ms]et 
itn 


a2 ana LO a2 
+[2 (e3) m-(eteg-et- (e?) )no 


t Cete2-ret)na]e2) 
3.4 £&1£9 B-8marandache Curves 


Definition 3.4 Let o = a(s) be a unit speed regular curve in E? and (£2, £2, B^ be its moving 


Bishop frame. £?&£9 B-Smarandache curves can be defined by 
B(s*) = AG Tee + B°) (3.16) 


Now, we can investigate Bishop invariants of £?'£9B-Smarandache curves according to 


a = a(s). Differentiating (3.16) with respect to s, we get 


: dO  ds* " T 
BID VA + :2)B? — e&t — €363] 
(3.17) 
T ds* c fb Qa aca 
dr +E3)B®| — ETET — £367 )] 
where 
ds* — /2[(eg)” + efe3 + (e3)"] 
—— = {| [1 (3.18) 
ds 3 
The tangent vector of curve B can be written as follow; 

Tj = ETET + eg63 — (et - e2)B (3.19) 


2((&t)* + eteg + (2)7] 
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Differentiating (3.19) with respect to s, we get 





dT ds* AMES HAES +A B? 
v x = (ALEF 2262 A3 B?) > (3.20) 
2/2 [eg + eeeg + e] 
where 
à= |[e2-2 (eg)? -e$e2]u(s)-eq [2e et --e eg HEF eS --2e2 e2] 
^e [3-2 (ef)? -eteS]u(s)-e$[et + egg + 2e2e$] 
s=  peg-e2]u(s)-eo [2622 4-320292 - qe -2e2e9] 
+ eg[et (ef) +2 (e2)'] 
Substituting (3.18) in (3.20), we have 
T= V3( £f + ALES AB?) 
m 2 2]? 
4 ey + eges + (e$)"| 
Then, the first curvature and principal normal vector field of curve ( are respectively 
po SEE, 
2 
4 [len + efez + (e3) | 
(3.21) 


1 
Ng — 2 2 2 
Jr +23 +2 


On the other hand, we express 


(ALET + A262 + AZB%) 


i T & Be 
Bo= — det | ef e$ -(e% +e) 


2[((e2)^ +ee$+ (9)^] - VAFA HAZ à A Aa 


So, the binormal vector field of curve ( is 


1 
BEEK [le + 62)A 


2[(62)? tegeg (€$)7] - RDB 
— egAa]ét--[762a- (e$ + e2)]62 - [et Aa-2 \1] B^] 


We differentiate (3.20) with respect to s in order to calculate the torsion of curve 
2 Q 2 aca " a 
B= -z (l2 (et) *etet-et]& 


+[2 (63) ete2-e2]62 + [eT + e2] B^] 
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and similarly 
x 1 
B = -ofr + 0283 + o3 B^) 


V3 


where 
P" p Q a a ‘a a 3 a 2 Q 
m= 4Aefet+defeg-ef-2 (ef) - (ef) e$ 


m= SeGeS-tefes-tefes-c9-2 (e3)? -ef (e3)? 
n= E3+eg 
The torsion of curve ĝ is 
16[(e1)? Fete t (2)?? 


2 à « 2 
Tg 3 aime urmou (2) Per ea eg Joa Ceg-2 (e$). semen ag 


+(2 (e)? -eteg-e2)os]et--[-62-2e2--2 (e9)? --etteg)oi 


HO (e2)? -egeg--et)os + (2 (2)? -eteg-et)os]e2]. 


$4. Smarandache Breadth Curves According to Type-2 Bishop Frame in E? 


A regular curve with more than 2 breadths in Euclidean 3-space is called Smarandache breadth 


curve. 


Let o = a(s) be a Smarandache breadth curve. Moreover, let us suppose a = a(s) simple 
closed space-like curve in the space E?. These curves will be denoted by (C). The normal plane 
at every point P on the curve meets the curve at a single point Q other than P. 


We call the point Q the opposite point P. We consider a curve in the class I' as in having 
parallel tangents £1 and £f opposite directions at opposite points a and o*of the curves. 


A simple closed curve having parallel tangents in opposite directions at opposite points 
can be represented with respect to type-2 Bishop frame by the equation 


a'(s) = a(s)- Mi + et +B (4.1) 


where A(s), p(s) and 7(s) are arbitrary functions also a and a* are opposite points. 


Differentiating both sides of (4.1) and considering type-2 Bishop equations, we have 


da* ds* dà d 
== (ner + VE (CE + nes)6 
ds ds ds ds d (4.2) 


H ( AE1 — YE2 4 cB 
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Since £f = —£i rewriting (4.2) we have 


dA 1. 28 
ds — in ds 





dp 
ds 
dn 


— = 1+ Ye 
ds bat eee 


— MÀ (4.3) 


If we call 6 as the angle between the tangent of the curve (C) at point a(s) with a given 


6 
direction and consider Z = &, we have (4.3) as follow: 
s 


dA €1 

— > -Nn — — 0 

3 n— — £(8) 

dip €2 

EM ee. tesis 4.4 
d0 z K oe) 


UMP S ee 
do — K UK 


1 1 

where f(0) — à + ó* , ô= —, 6* = — denote the radius of curvature at a and a* respectively. 
K 

And using system (4.4), we have the following differential equation with respect to A as 


d? A k dep ÊA e? ep od k d 8i 


eae wets x qo el do x) 
& d^ erd Er dE e? 

EE p E Ie 
aa e a el et 


(4.5) 
NC ORCU CR E ut Oy ei a 


£9 c1 dü k^" dO? ‘eo zi de «| qo 


2 2 
£5 €1 d k.d €1 k d €1 
—.-L— = p -——[—— —L———[-— =0 
Run a a eae ee 


Equation (4.5) is characterization for a*. If the distance between opposite points of (C) 
and (C*) is constant, then we can write that 


llo* — al] = A? + e? +n? =P = constant (4.6) 


Hence, we write 
dà de dn 
—— pcm — Z 4. 
AU Cag cn Cb) 


Considering system (4.4) we obtain 


A- f(6) 20 (4.8) 
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We write \ = 0 or f(0) = 0. Thus, we shall study in the following subcases. 


Case 1. A=0. Then we obtain 





- Epod = ff n@2a0) Eao 
sates v w= {Yn dD (4.9) 
and 5 " 

df df T osin” h T = 

We aa pr LM OD 4:10) 


General solution of (4.10) depends on character of L. Due to this, we distinguish following 
K 
subcases. 


Subcase 1.1  f(0) = 0. then we obtain 


AE 40 
a 
p = — f n—40 (4.11) 
ae 
0 0 
€1 E2 
= —dé —dé 
n cd TUS M 


Case 2. Let us suppose that A 4 0, y Æ 0 ,n Æ 0 and A, y, 7 constant. Thus the equation 
(4.4) we obtain 2 20 and 2 =0. 
K K 


Moreover, the equation (4.5) has the form TA = 0 The solution (4.12) is À = LÈ + 
L20 + L3 where L4, Lo and L3 real numbers. And therefore we write the position vector ant 
the curvature 

a* = a + AG + A»£o + A3B 


II 





where A; = A, A» = y and As = ņ real numbers. And the distance between the opposite points 
of (C) and (C*) is 
llo* — aJ| = A? + A2 + A3 = constant 


85. Examples 


In this section, we show two examples of Smarandache curves according to Bishop frame in F’. 
Example 5.1 First, let us consider a unit speed curve of E? by 


B(s)— (= sin(9s) — 2 sin(25s), 
— —— cos(9s)+—— cos(25s) = sin(8s)) 
306 P7350 ' 136 
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Fig.1 The curve 8 = (s) 


See the curve G(s) in Fig.1. One can calculate its Serret-Frenet apparatus as the following 


T = (ŽŽ cos9s + 2; cos 25s, Z2 sin 9s — 4 sin 25s, 12 cos 85) 

N = (# csc 8s(sin 9s — sin 25s), — 33 csc 8s(cos9s — cos 25s), $) 

B = (d; (25sin 9s — 9 sin 25s), — 4: (25 cos9s + 9 cos25s), — 2 sin 8s) 
k = —15sin8s and 7 = 15cos8s 


In order to compare our main results with Smarandache curves according to Serret-Frenet 
frame, we first plot classical Smarandache curve of 8 Fig.1. 


Now we focus on the type-2 Bishop trihedral. In order to form the transformation matrix 
(2.6), let us express 


S 


1 
0(s) 2 — J 15sin(8s)ds = D cos(8s) 
0 
Since, we can write the transformation matrix 


T sin(2 cos8s) —cos(cos8s) 0 B 
N cos(2cos8s)  sin(i?cos8s) 0 |: & 
E 0 


0 1 B 
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Fig.2 £16; Smarandache curve 


By the method of Cramer, one can obtain type-2 Bishop frame of 8 as follows 


£1— (sin JE cos 9s — E cos 255) + 32 cos 0 csc 8s(sin 9s — sin 25s), 


sin 0(3 sin 9s — 2: sin 25s) — 12 cos 8 csc 8s(cos9s — cos 25s), 


15 c; 8 
i7 sin f cos 8s + 17 cos 0) 


f= (—cos6(3 cos9s — 3; cos 25s) + 4 sin 0 csc 8s(sin 9s — sin 25s), 
- cos 0(25 sin 9s — 3 sin 25s) — $3 sin 0 csc8s(cos 9s — cos 25s), 


15 8 a 
— 37 cos 0 cos 8s + 4 sin 0) 


B= (gi(25sin9s — 9sin 25s), — 3: (25 cos9s + 9 cos255), — 12 sin 8s) 


where 0 — 2 5 cos(8s). So, we have Smarandache curves according to type-2 Bishop frame of the 
unit speed curve 8 = a(s), see Fig.2-4 and Fig.5. 





Fig.3 & B Smarandache curve 
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